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Abstract

The paper consists of two parts, both dealing with conditioning techniques for low-
Mach-number Euler-flow computations, in which a multigrid technique is applied.

In the first part, for subsonic flows and upwind-discretized, linearized 1-D Eu-
ler equations, the smoothing behavior of multigrid-accelerated point Gauss-Seidel
relaxation is investigated. Error decay by convection over domain boundaries is
also discussed. A fix to poor convergence rates at low Mach numbers is sought in
replacing the point relaxation applied to unconditioned Euler equations, by locally
implicit “time” stepping applied to preconditioned Euler equations. The locally
implicit iteration step is optimized for good damping of high-frequency errors. Nu-
merical inaccuracy at low Mach numbers is also addressed. In the present case it
is not necessary to solve this accuracy problem.

In the second part, insight is given in the conditions of derivative matrices
to be inverted in point-relaxation methods for 1-D and 2-D, upwind-discretized
Euler equations. Speed regimes are found where ill-conditioning of these matri-
ces occurs, 1-D flow equations appear to be less well conditioned than 2-D flow
equations. Fixes to the ill conditions follow more or less directly, when thinking of
adding regularizing matrices to the ill-conditioned derivative matrices. A smooth-
ing analysis is made of point Gauss-Seidel relaxation applied to Euler equations
conditioned by such an additive matrix. The method is successfully applied to a
very low-subsonic, steady, 2-D stagnation flow.

Note: Major parts of this paper were already published in * and 2.
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1 Preconditioning of Jacobians

1.1 Introduction

Mathematical theory of subsonic gas flows is relatively undeveloped in comparison with
that of transonic, supersonic and hypersonic flows. An indication of this is the small
amount of literature that is available on subsonic gas dynamics. Whereas various text
books exist, exclusively dealing with the mathematics of either transonic, supersonic
or hypersonic gas flows, for the subsonic case we only know a few book chapters (e.g.
Chapters 2 and 3 from Bers [1], and Chapter 2 from Majda [6]). At present, research in
the subsonic flow regime is at a rapid pace, particularly as far as it concerns numerical
computations in the zero-Mach-number limit. Both sections from this paper contribute
to this development. In the present section, the flows of interest are not flows with uni-
formly low Mach numbers (i.e. with M < 1 throughout almost the entire computational
domain), but flows with locally low Mach numbers (flows with small stagnation regions
and - particularly - for Navier-Stokes extensions: flows with thin boundary layers and
wakes).

Since about a decade, various multigrid methods exist that give good convergence
rates for steady Euler-flow computations at high-subsonic inflow Mach numbers (see
Chapter 9 from Wesseling [14] for an overview). For decreasing inflow Mach numbers,
or enlarging low-subsonic flow regions, convergence rates are known to deteriorate. This
decrease is not specific for multigrid methods, but seems to hold for any solution method.
The cause has to be sought in the continuous Euler equations, in their increasing stiffness
(i-e. in their increasing disparity of wave speeds) at decreasing subsonic Mach numbers.
With the application of single-grid, explicit time stepping schemes in mind, various fixes
have been proposed already for this stiffness problem. See Turkel [11] for a review of
this. An early research paper is Van Leer et al. [5]. In it, for the Jacobian of the 1-
D Euler equations, the preconditioning matrix is given which equalizes the three wave
speeds u — ¢, u and u + c¢. Further, the paper gives preconditioning matrices for the 2-D
and 3-D Euler equations. Besides convergence problems, for decreasing Mach numbers
also accuracy problems arise, independent of whether the discretization is central [13] or
upwind [12].

In the present section, we will mainly focus on the stiffness problem. It is expected
that solution methods other than explicit time stepping schemes may also profit from
preconditioning matrices such as those proposed in Van Leer et al. [5]. Led by this
expectation, we will optimize a multigrid-accelerated, locally implicit iteration method,
applied to subsonic, preconditioned Euler equations. To start with, in Section 1.2, the
continuous, unconditioned equations and their discretization are introduced. In Section
1.3, first a smoothing analysis is given of point Gauss-Seidel relaxation for the discrete
equations, and next a discussion is made of error convection across domain boundaries. It
is shown that for low Mach numbers, the convergence properties of this solution method
are poor. In Section 1.4 it is made clear that for flows with uniformly low Mach numbers,
numerical accuracy may be poor as well. Since the latter flows are not our interest, in
Section 1.5 a 1-D preconditioning matrix is derived which is only meant for removing
stiffness and not for also improving low-Mach-number inaccuracy. In Section 1.6, a simple
way of implementing the preconditioning matrix is discussed. At the end of Section 1.6
we arrive at the discrete, preconditioned system to be solved. The system contains a
free parameter: a locally implicit iteration step, which is optimized for smoothing. The
optimization is done in Section 1.7, through local-mode analysis applied to the upwind-
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discretized, linearized, preconditioned 1-D Euler equations. In Section 1.8, the error

smoothing and error convection of the locally implicit iteration are verified.

1.2 Equations
1.2.1 Continuous equations

Consider the 1-D Euler equations

9Q | of(Q) _
ot o O
with Q the conservative state vector

p
Q=| pu |,
pe
f(Q) the corresponding flux vector

pu
Q= (PU2+P )

pu(e + 2)
and e the internal energy, which for a perfect gas reads
1 p 1,
e= ;-_——l_p + 2’U,
Linearization of (1a) with respect to the conservative variables yields
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where ¢? = \/vp/p. To simplify the analysis, following Turkel [10], the transformation

from conservative variables Q to non-conservative (entropy) variables ¢ is made:

1
P
dg=| du .
dp— c*dp
The corresponding transformation matrix
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Q (& .
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brings (1a) into the analytically much more tractable form
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1.2.2 Discrete equations

For simplicity we assume A to be constant and next make a first-order upwind, cell-
centered finite-volume discretization of the space operator in (5a). Then, the semi-
discrete equation in cell Q; (with mesh size k) reads
6Qi + - =0
ho T4 (¢ = gim1) + A (gi+1 — @) = 0, (6)
with 4 running in positive z-direction, and with A* and A~ the matrices corresponding
with the positive and negative eigenvalues of matrix A:

At = R4ARY, (7a)
AT = RuAR;N (7b)
With A4 = diag(u — ¢, u, u + ¢), it holds
101
Ra=|-101], (8)
010

and, hence, for subsonic flow in positive z-direction, 0 < v < c:

1(u+c u+c 0
At=-| u+c u+c 0 |, (9a)
2 0 0 2
1[t—¢ c—u 0
A‘=§ c—u u—c 0 |. (9b)

0 0 0

1.3 Convergence
1.3.1 Convergence through error smoothing

Applying point Gauss-Seidel relaxation to find the steady solution of (6), for successively
a downstream and upstream relaxation sweep the iteration formulae are

|Al(gf*! — gf) = ~AT(¢f — ) — A7 (¢l — &), (10a)
|Al(gi*? — gith) = =AY (@ = i) — AT (2R - ), (10b)

with |A] = A* — A~ and n the relaxation sweep counter. To investigate the smoothing
properties we introduce the local solution error

& =g —d, (11a)

and the Fourier form .
& = Dre%, |6 e [5, 7r] , (11b)

with ¢} the exact local solution, D" the amplitude vector (D7, D3, D}) and &' the
(scalar) mode. With (11a) and (11b), it follows for the amplification matrices M gownstream
and Mupstream:

M ownstream = — ("e_ioA+ + |A|)“1 ewA_, (12&)
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Mopsteesm = (°A™ + |A]) ™ e 4%, (12b)

Substituting A* and A~ we find the solution-independent matrices

. el _gi®
M downstream = '2' —e? e? 0 s (13&)
0 0 O
1 e—i0 é—-io 0
Mupstrea.m = 5 e 70 0 0 ) (13b)
0 0 2™
with spectral radii
i T
p(Meowmaram) = 1€°| = 1, Vi8] € [2.7], (142)
5 T
p(Mapaiream) = 679 =1, V|6] € [E,W} . (14b)

(Since the matrices (13a) and (13b) are symmetric, the spectral norms, which determine
the smoothing properties for n = 1, are identical to the spectral radii.) Note that in
case of a symmetric sweep, according to this Fourier analysis, one has perfect smoothing:
M upstreamMdownstream = 0. However, in case of subsonic flow with non-periodic boundary
conditions, one generally has error reflections at the outflow boundary when still iter-
ating. Therefore this theoretical, perfect smoothing result is not realistic and therefore
we prefer to consider the downstream and upstream amplification matrices separately.
However, for the two separate sweeps, the smoothing factors (14a) and (14b) are sur-
prising as well. They are in contradiction with numerical findings; for e.g. standard,
high-subsonic airfoil-flow computations, one generally observes good multigrid conver-
gence. A first explanation of this contradictory result is that care has to be taken in
interpreting (14a) and (14b); the frozen coefficients assumption generally loses its valid-
ity for high-subsonic Mach numbers. As opposed to this, for low-subsonic Mach numbers
it seems a reasonable assumption (e.g., for limysyo, p becomes constant).

1.3.2 Convergence through error convection

A second explanation of the contradictory convergence estimate for high-subsonic flows
in the general case of non-periodic boundary conditions is that for the downstream and
upstream sweep separately, local-mode analysis solely is just too pessimistic. For non-
periodic high-subsonic flow computations, additional error decay through advection over
the domain boundaries may be of significant importance and may therefore not be ne-
glected. Note herewith that point Gauss-Seidel relaxation can be interpreted as locally
implicit time stepping at an infinitely large time step, which with non-zero wave propa-
gation speeds u — ¢, u and u+ ¢, implies a significant beneficial influence on convergence.
This phenomenon of solution errors being expelled out of the computational domain by
convection may next further explain the poor multigrid performance for low-subsonic
flows. In spite of the infinitely large time step associated with point Gauss-Seidel relax-
ation, for lim,y)o, the propagation of entropy errors and therefore their expulsion, may
well start to stagnate.

423



1.4 Accuracy

For limyyp accuracy problems arise. The inaccuracy can be analyzed through the mod-
ified equation corresponding with: (5a)-(5b) discretized through e.g. a first-order accu-
rate Aux-difference splitting scheme (such as Osher’s [7] or Roe’s [9]). The corresponding
modified equation reads

% 400 _ho (0 hd (dg})dQ B -
% 4% = 28: \Maz) 35 \ag) agas (15)
With e w0
[Aj=| v ¢ 0 |, (16)
0 0 u

the numerical diffusion terms in the right-hand side of (15) can be written out as

L 10 L 10 )

M M 5 5
5@1—;70+u63 1 Lo 5‘1-+|A8—‘§+

2|0z 0 0 1 z\ o 0 1 z T

8, u

(R +if)et(v-1)ME (R2+1E)u+(r-DE 0 5
h B 18, by 18 _1ppo | 94
= St 2By MG+ 258c M3 )
2 agc paf o e L ou e rde | O

p (2635 + 7_1'11,3; P (2'""3'; + 7—168—:) —2M8—

(17)

It appears that for limysp and with h fixed and % and gf non-zero, the first of the
two numerical diffusion terms in system (15) becomes infinitely large for the first two
equations in the system.

1.5 Preconditioning
1.5.1 Removing stiffness

For a detailed account of this topic we refer to Van Leer et al. [5]. For the condition K
of A over the entire subsonic flow regime, it holds

1+M 1+M
M '1-M

lu|
c

K(4) =max( ) , Mm=Ye), (18)
see also Figure 1. At M =0 and M = 1, A is singular. Preconditioning A (by premul-
tiplying it) with the 3 x 3-matrix P transforms (5a) into

] oq

== — =0.

a5t + PA . (19)
For general P, the possibility of doing time-accurate calculations is lost. When solving
steady problems, this is of no concern. P should at least be invertible and should
remove the static and sonic singularity. In the ideal case, P leads to the situation: (i)
that K(PA) = 1 over the entire subsonic Mach-number range, and (i) that PA yields
two downstream waves and one upstream wave. Satisfaction of the second property,
conservation of the propagation directions of the three waves, avoids a change of numbers
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M
Figure 1: Condition of derivative matrix A as a function of the Mach number.

of boundary conditions to be imposed at in- and outlet. This property is satisfied by
taking P positive definite, which implies that P must be symmetric.
A common choice for P is

P=vV|A|™, (20)
with v some propagation speed that can still be chosen. With (20) one has Apy =
diag(—v,V,V). In multi-D, perfect subsonic preconditioning is not possible. For 2-D
subsonic Euler flows and for dg = ( ;lzdp, du,dv, dp—c?dp)7, the following preconditioning
matrix is proposed in Van Leer et al. [5]:

A = 0 0

P=| Vi-MZ Vi-Mm? +1 0 0 (21)
0 0 1-M?2 0
0 0 0 1

The 3-D subsonic preconditioning matrix proposed in Van Leer et al. [5] is very much the
same as (21). Our practical interest lies in doing 2-D and 3-D computations. However,
since already in 2-D, local-mode analysis for the preconditioned, full Euler equations
is hard and does not lead to transparent results, we do the analysis for the 1-D Euler
equations, with as preconditioning matrix a 1-D version of 2-D P (21). We proceed by
deriving such a 1-D P.

Striving for the almost diagonal form

-v 0 0
PA= v v o, (22)
0 0v
a symmetric 1-D version of (21) can be found. For v =, it follows
M? -M 0
-7 M2
P = ( 1:ﬁ2 1_3‘42 +1 0 ) (23)
0 1

(and, unimportant, V = 2¢). Since entropy propagates with the flow speed, just as
in (21), the entropy equation is left unchanged. Note that P according to (23) is
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positive-definite; for M € (0,1) its three eigenvalues are all positive: A; = 1 and
Aos = !iﬁl:_)_‘f{—;rﬁ‘l > 0, YM € (0,1). Also still note the freedom in the derivation
of this preconditioning matrix. E.g., another v could have been chosen; v = u + ¢ would
have yielded

M =1 0
R
P=| n wi-m O (24)
0 1+M
M

Moreover, instead of preconditioning, postconditioning could have been applied. The
difference between pre- and postconditioning can be clarified by considering the auxiliary
equation A—! =T Preconditioning this equation (PAgg = r) is identical to right-
hand side transformatxon (A% = P-'r), whereas postconditioning (AP = r) can be
interpreted as solution transformation. Postconditioning (5a) by a symmetric P such
that

-u 0 0
AP = vou 0], (25)
0 0 u
leads to ,
_M:i-2 _ M 0
MI-1 21
P=| -5 w3 0 (26)
0 0 1

Interpreting this postconditioning matrix as a solution transformation matrix g%, we get

3 M’ lpcdp M’ 1du
dq = _M 1 pcdp + Mz_ldu . (27)
dp —c*dp

Physical interpretation of the first two components of dg is not trivial. In the remainder
we consider preconditioning according to (23).

1.5.2 Concerning inaccuracy

A partial fix to the discrete accuracy problem discussed in Section 1.4, is to make the
discretization second-order accurate. (In practical computations, the discretization will
be at least second-order accurate anyway.) Of course, as long as the two limits M | 0 and
h | 0 are independent (and as long as the discretization method is not exact), formally
the accuracy problem remains to exist. A subsequent partial fix would then be to take
the mesh size appropriately dependent on the Mach number.

A real fix is to exploit the freedom still existing in the choice of the preconditioning
matrices for removing the stiffness problem. By first preconditioning,

Bq dg
oz 0.

and next discretizing, one gets the influence of the preconditioning in the discretization
error. For flow computations at uniformly low Mach numbers, the challenge is then to
get rid of both the stiffness and the accuracy problem by a single preconditioning matrix
P. Such double-edged preconditioning matrices are expected to become available soon
[12]. Discretization of (28) requires the incorporation of a space discretization scheme

L+ PAZ (28)
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which is modified for the preconditioning (both at the interior and the boundary cell
faces). Further, in multigrid contexts the residual transfer has to be reconsidered, in
order to maintain the Galerkin property and hence good multigrid convergence [4, 3].
Since uniformly low-Mach-number flows are not our present interest, we will not apply
the preconditioning in the form (28). (For computations in which the Mach number is
not uniformly low, the accuracy problems occurring for limpsjo are local, and hence no
reduction of global solution accuracy is expected to be found.)

1.6 Implementing preconditioning

By implementing the preconditioning as

P- gtq + Agg =0, (292)
with P! the inverse of (23):
2—)\52 _13? 0
P = 1% 10 ) , (29b)
0 01

the original space discretization scheme can still be applied (simply because the space
operator is still original). Steady-state solutions will therefore be identical to those
belonging to the unconditioned equations (5a) and (15). The conservative form corre-

sponding with (29a) reads
dQ ,,0¢ , 8f(Q) _
st e 0 (30)
Discretizing (30) by a first-order upwind finite-volume method, and denoting the numer-
ical flux function which approximates cell-face flux f(g;, 1) by F(gi, gi+1), for cell Q; the
semi-discrete equation reads

[, Sp Ghde + (Fg go) = Flaios, ) =€ (1)
Given the good smoothing properties of point Gauss-Seidel relaxation in the multigrid
computation of high-subsonic, transonic and supersonic flows, in choosing the time dis-
cretization for (31) we deviate as little as possible from this trusty smoother, by applying:
locally implicit time stepping in a Gauss-Seidel fashion. Hence, as fully discrete equation
in cell €2;, for a downstream and upstream sweep respectively, it follows:

h dQ —1 n aF(q'rz’q:L+1) aF(qnj-ll)ql) n+1
| Stanp o) + 224 ELD) (g - ) =
F(q?-jllv q‘l ) - (qz k] qin+1)9 (323')
h dQ n+l -1 n+1 aF( ﬂ+11 Qz +2) aF(qn—-Fll:Qs +1) n+2 n+1
|:At d ( )P (M )+ aq::-i-l aqn+1 (Q: qz )

F(giH, qfth) — F(gf™, qi).  (32b)

The time step At (which due to the preconditioning is not identical to a physical time
step) is still amenable to optimization. In the next section it will be optimized for
smoothing.
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1.7 Optimizing locally implicit iteration step

;; For simplicity, smoothing optimization of At from (32a) and (32b) is done for the non-
i conservative, frozen-coefficient variants of both equations, i.e. for:

h - n n n n —( . n n
(EP L |A|) (qf - @)= “‘A+(‘I.' - ijll) —-A (4i+1 - ), (33a)

h __ n n n n - n n
(Zt‘P e+ |A|) (% = gt = —AT (g — ) — AT (g - ). (33b)

1.7.1 Qualitative optimization

From (33a) and (33b), with (11a) and (11b), in the same way as in Section 1.3.1 we

derive: .
h __ 4 ([ h __ 04—
Mdownstrea.m = ('A"ip 1o e 9A+ + |AI> ('A—tp P € 0—A ) y (343:)
M _[(h P-liefA-+|A (R -1 —i0 4+

upstream — —A—t +e"A™ + l I —A—tP +e A . (34b)

We proceed by considering the two highest error frequencies: || = 7. For both frequen-
cies, with

A o= _ﬁ_ 3
- c t’ ( 5)

2
Mupstrea.m=( U'ﬁ—%‘f'%M 0'-(-%....;.M 0
0

2-M2 1 _ 1 1 1_1
o5E —2 =M oy —z3-3M 0
( A (300)
0 0 c—-M
The corresponding eigenvalues are:
- 0 +0% — M2 & \/40%(1 — M?) + M*
(Al >Mdown-tre = ()\213)M = ,
am oc+2M downstream 30 + o? +2M?
(87a)
c-M o+0? - M? £ /402(1 — M2) + M*
A =—— -

( I)Muputn;m o+ M’ (Azys)Mum““ﬂ 30 + 0_2 + 2M2 . (37b)
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Note that (Ag3) g, = (A23) Mupstream® V€ Proceed by considering the eigenvalues
for limpsjo. With o a finite (positive) constant this yields

; —o +0°
1m (M1, 22, 23) Myouastrenm, o=constant = (1» 1 m) ) (382)
im (. A _ ~0 +0?
}vlf% ( 1) A2 Aa)MuF‘tru.m,U:COn!tant =11, “—‘”‘—‘30_ gl (38b)
For ¢ = aM with « a finite (positive) constant it yields
lim () _ o 1 1
ﬂ}fnl%( L A2’ /\S)Mdownutrmm o=aM T (m’ ) —§> ’ (398,)
: a—-1 1
B0 (01,22, 8) st vt = (=3 (39b)

So the choice o = constant yields two maximum eigenvalues equal to one, for both the
downstream and upstream sweep. For ¢ = aM with « constant, this number is only
one, which probably implies smaller Frobenius matrix norms (see e.g. Chapter 2 from
Golub and Van Loan [2]) and hence better smoothing when applying two, three, four, ...
Gauss-Seidel sweeps. Note that no function ¢ = o(M) exists which makes the moduli
of all three eigenvalues smaller than one for limaso. We proceed with o = M. In the
next section the optimal value of « is derived.

1.7.2 Quantitative optimization

To optimize a from ¢ = aM, we continue to apply Fourier analysis for the highest
error frequencies || = m, where, as in Section 1.3.1, we look for spectral radii of
the amplification matrices. To avoid Mach-number dependence of a;, we consider the
moduli of the amplification matrices’ eigenvalues integrated over the entire subsonic
Mach-number range. (Avoiding Mach-number dependence by taking limaso does not
allow o-optimization; from (39a) and (39b) it appears that the corresponding spec-
tral radii of both Myownstream a0d Mypstream €qual one, for any o.) In Figure 2 the
distributions of the aforementioned eigenvalue integrals are depicted over the a-range
[0,10]. (Note that since (Ay3) Mavwmmeronss = (A2,3) Mapreonm? S2E corresponding integrals
are the same.) From Figure 2 it can be seen that the optimal value of o follows from
Jo 1 OM) pperens 194 = 5 | (A2) g e [M (dashed line in Figure 2b), i.e. (after some
computer algebra) from:
—4+ 20— 207 +0® + (5 — 207)In ({5H25) — 3T —do?ln (V52HL) o
(o2 +2)2 a+1
(40)
From (40), it follows by good approximation that o = 2, and thus as (approximately)
optimal o:

a

2
= =M. 41
o 5M (41)
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a. Downstream sweep. b. Upstream sweep.

Figure 2: Integrated moduli of eigenvalues of amplification matrices, for highest error
frequencies.

1.8 Convergence for preconditioned equations
1.8.1 Error smoothing

Relation (41) implies as (approximately) optimal iteration step At:
At = >— (42)

ie. CFL= % We verify the smoothing behavior for this iteration step. This is done over
the entire subsonic Mach-number range (0, 1), for the three error frequencies § = %, %"
and 7. In Figure 3 the distributions of the corresponding spectral radii are depicted.
Recalling from Section 1.3.1 that the spectral radii of downstream and upstream point
Gauss-Seidel relaxation equal one over the entire subsonic Mach-number range, from

Figure 3 it appears that the preconditioning does a good job.

1.8.2 Error convection

The locally implicit iteration applied to preconditioned Euler equations may be inter-
preted as physical time stepping. To do so, for simplicity we consider the common P
according to (20) with v = |u|. Then, with CFL = ]ﬁ,lg, the iteration formulae (33a)
and (33b) become

(1+CFL)|A|(gf*! — ¢f) = —A™ (¢} — i) — A7 (g7 — &), (43a)

(1+ CFL)|A|(gP*? — gf*!) = — At (g™ — ) — A7 (¢ — ¢7). (43b)

From (43a) and (43Db) it appears that for this common P, the locally implicit time step-
ping can be directly interpreted as point Gauss-Seidel relaxation with underrelaxation
factor w = 1+CFL. Le., even with CFL = O(1), (43a) and (43b) can still be interpreted
as locally implicit physical time stepping at an infinitely large time step.
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Figure 3: Spectral radii of amplification matrices, for downstream and upstream (ap-
proximately optimal) point Gauss-Seidel time-stepping, and three error frequencies.

2 Conditioning of absolute eigenvalue matrices

2.1 Introduction

In the zero-Mach-number limit, point-relaxation methods for solving discretized, steady
Euler equations may suffer from ill-conditioning of the corresponding derivative matrices
to be inverted. (For clarity: here derivative matrices are the local, absolute-eigenvalue
matrices, so not the Jacobians.) To see this, we start by considering the perfect-gas,
steady, 1-D Euler equations
df(@)
dz

=0, (44)

with Q the conservative state vector (1b), f(Q) the corresponding flux vector (1c) and e
the internal energy (1d). Linearization of (44) with respect to the conservative variables
and transformation from conservative variables @ to non-conservative (entropy) variables
g according to (3), yields the steady, analytically tractable form

do _
dl' Y
with A according to (5b). Again we assume A to be constant and consider a first-order

upwind, cell-centered finite-volume discretization of (45). Then, the discrete equation in
cell Q; reads

A (45)

At(g—gim1) + A (G — @) =0, (46)
with ¢ running in positive z-direction, and with AT and A~ defined by (7a) and (7b),
respectively. Applying point Gauss-Seidel relaxation to find the solution ¢; of (46), for
successively a downstream and upstream relaxation sweep we have the iteration formulae
(10a) and (10b), respectively, with |A| the matrix to be inverted;

c u 0
|A|’=‘A+-—A‘= v c 01. (47)
0 0 u
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For 0 < u < ¢, it holds
Ajqy = diag(c — u,u,u+c), (48)

and so |A| has as condition over the entire subsonic flow regime (just as A):

1+M 1+ M _
‘—M—, l—M) , = € (0,1), (49)

c
see also Figure 1. The best condition occurs at M = }; K(M = 1) = 3, singularities
occur at M =0 and M = 1. Hence, in 1-D, in the neighborhood of the static and sonic
flow conditions, when applying the iteration formulae (10a)-(10b), one may expect very
large (too large) solution changes in case of very small right-hand sides only.

In 2-D numerical practice, ill-conditioning of derivative matrices to be inverted is
not experienced in the neighborhood of M = 1, but only near M = 0. To get some
evidence of this we also analyze the 2-D case. With 0 < u < ¢, 0 < v < ¢, a square
finite volume, and j as additional running index in positive y-direction, one derives as
iteration formulae for successively a downstream and upstream relaxation sweep:

(1Al + [B)(@' = afy) = —AT(afy — ¢ihYy) — A (@b — @) +
—B+(Q?,j - ‘I:f—ll) - B'(qffm - q:j)v (50a)

KlA](M) B ma.x(

(IAl + |BD(@Ff? — a2Fh) = —A* (@7 — g ) — A~ (a2 — i) +

~BH@ - ah) - B - Y, (50b)
with
u+c u+c 0 O (u—c c—u 0 0
1l u+c¢c u+c 0 O _ 1|l e¢-uw u—-c 0 O
+_ 2 ==
AT=31"0 0o wo|" 4T3 0 o oof )
0 0 0 2u 0 0 00
v+¢c 0 v+c 0 v—¢c 0 c—v O
1 0 2v 0 0 1 0 0 0 O
+_ 2 - ==
B 92l v+c 0 v4+c 0 |’ B 21 ¢c—v 0 v—c O (51b)
0 0 0 v 0 0 0 0

So, in 2-D the matrix to be inverted is

2c'u v 0
v v+c O 0

- At _ A- +_pg- =
|A|+|B|=At*— A" +Bt-B v 0 ute 0 (52)
0 0 0 wu+vw
For Aj(+ip it holds when, without loss of generality, rotating in flow direction:
3 1
AIAI+|B| = diag (ﬁ, EC - 5\/02 + 4w A+, gc + %ch + 4w ’ s
T=ucos¢+vsing, ¢ = arctan %, (53)
and thus
34+V1+4M? 3+/1+4M? 7|
K M) = , , M=— , 1), 4
|4l+(8|(M) maJC( Y] 3_\/1+4M2> —€(01), (54)
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Figure 4: Condition of exact, 2-D absolute-eigenvalue matrix as a function of the Mach
number.

see also Figure 4. We see that in 2-D the singularity at M = 1 no longer exists, which

explains the aforementioned numerical experience. (The best condition occurs at M = %,

KM=2%H=1)

In ch ren;ainder of this paper, we discuss possible fixes to the 1-D and 2-D ill-
conditionings of the absolute-eigenvalue matrices (Section 2.2), analyze the multigrid
smoothing properties of a favorite fix (Section 2.3) and do some numerical experiments
(Section 2.4). The first, already mentioned difference with the work presented in Section
1 is that whereas in Section 1 the condition of a non-absolute-eigenvalue matrix was
improved, here the conditions of absolute-eigenvalue matrices are improved. Moreover,
whereas in Section 1 the improvement was only made for 1-D, here it is done for 1-D
and 2-D.

2.2 Fixes to ill conditions subsonic, absolute-eigenvalue ma-
trices

2.2.1 Trimming 2-D singular matrix

For 2-D low-Mach-number flows, equations (50a)-(50b) can be simply regularized by
(locally) dropping the entropy-equation part, and by replacing that, in case of e.g. (50a),
by either the homentropic iteration formula

st — sty = (ot — o) = ()" (o3t = oty) =0, (55a)

or - alternatively - the incompressible formula
syt — st =pit — ol (55b)

g TS T Pij

Dropping the entropy equation from system (50a)-(50b), the corresponding derivative
matrix to be inverted reduces to

2c u v
|[A|+|B]=] v v+c 0 , (56)
v 0 wu+c
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with, rotating again in flow direction

3 1 3 1 —
A+ 5 = diag (Ec - -2~\/c2 +47, T+, 3¢t 5\/02 + 4u2) ) (57)

K (M)_3+\/1+4M2
eV = s o
see also Figure 5. A difficulty of splitting off the singular part from the iteration formulae

and thus
M € (0,1), (58)

o
v
X
N_
~ T
0 0.5 1
M

Figure 5: Condition of trimmed, 2-D, absolute-eigenvalue matrix as a function of the
Mach number.

in case of general subsonic flows is that it requires the introduction of a monitor for
switching on and off homentropy or incompressibility, i.e. (55a) or (55b). Rigorous
formulae for setting thresholds for the monitors are hard to derive. Therefore we refrain
from applying these reduced derivative matrices.

2.2.2 Adding 1-D and 2-D regularizing matrices

Considering the 1-D absolute-eigenvalue matrix (47), it can be regularized by adding a
matrix R to it, leading to the approximate derivative matrix:

. |Alr=4|+ R (59)

0 —u O 00 O
R=ﬁ(0 0 0 ) or R=ﬂ(—u 0 0 ), (60)
u

Taking

0 0 c¢c— 0 0 c—u

for any constant 8 € (0, 1] the singularities at M = 0 and M = 1 are removed. For both
R’s from (60) we find

Aay, = diag(c ~ /1 = Bu, fe + (1 = B)u, ¢+ /1 — Bu). (61)

However, since |A|p is not symmetric, its condition number does not equal the ratio of
its largest and smallest eigenvalues. Here we use the general formula
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Kiai, =l AR Ill |A]3 || Taking the Loo-norm as the matrix norm, for both R’s in (60)
we derive

1+M (1+ M)?
f+(1-BM"1-(1-pB)M?

see also Figure 6. For § = 1, |A|g is best conditioned over the entire subsonic Mach-

K|A|R(M)=max( ), Me(0,1), Be(0,1], (62)

Figure 6: Condition of through addition regularized, 1-D absolute-eigenvalue matrix, as
a function of the Mach number.

number range, whereas the corresponding approximate derivative matrix |A|g will gen-
erally be rather close to the exact derivative matrix |A|. A convergence requirement to
be satisfied is that the eigenvalues of |A|g are positive. This requirement is met by both
R’s from (60), for any 8 € (0,1].

In 2-D, where no sonic singularity exists, to regularize (52) we may take

000 0
000 0

| 000 c—u—-v

So, in 2-D we have the advantage of remaining closer to the exact derivative matrix
than in 1-D. For the corresponding eigenvalue-matrix A(jaj+|a))z, Where (|A| +|B|)r =
|A| + |B| + R, it holds

3 1 3 1
A(M|+|BI)H = diag (,BC+ (1 - ,B)ﬁ, -2'6 - 5\/62 +4u?, W+ c, ""):C + § c? +4u?), (64)

and hence

3+V1+4M2 3++/1+4M?
(B+(1-B)M)' 3-/1+4M?

), Me(0,1), Be(0,1],

(65)
see also Figure 7. As opposed to the preceding 1-D conditioning, which is perfect for
B = 1, perfect 2-D conditioning through (63) is not possible. In the next section, for 2-D
flows, we will investigate the multigrid smoothing (high-frequency damping) properties
of point Gauss-Seidel relaxation when applying additive conditioning. For reasons of
transparency, smoothing properties are investigated for the 1-D equation.

K(aj+iBs(M) = max (2

435




Figure 7: Condition of through addition regularized, 2-D absolute-eigenvalue matrix as
a function of the Mach number.

2.3 Smoothing for additive conditioning

Consider the downstream iteration formula

(R+|AN@ = @) = A" (¢ - ) - A7 (¢ — aF), (66a)
and the upstream formula
(R+ AN — gi*h) = AN (@ - ) - A~ (@ - &), (66Db)
where R is the 1-D equivalent of the 2-D additive matrix (63):
00 O
R=ploo o |. (67)
00 c—u

To investigate the smoothing properties, the local solution error (11a) and its Fourier
form (11b) are introduced again. Keeping the coefficient matrices in (66a) and (66b)
frozen, with (11a) and (11b), from (66a) and (66b) it follows for the corresponding
amplification matrices Maownstream a0d Muypstream:

Maomsream = (R+ (1= )4 = A7) (R—e47), (68a)

-1

Mupstream = (R+ At — (1 - ew)A‘) (R + e'“’A*) . (68b)
In both Mgycwnstream 80d Mypstream the influence of 8 is confined to a single eigenvalue
per matrix only:

_ AL - M)
)\Mdown-tnam(ﬁ) - ,6(1 _ M) + (1 _ e_ig)M, (69&)
- —i6
AMupstrenm (B) = W (69b)

It can be seen that for 8 = 1, it still holds

!AMdownntreun(ﬁ = 1)‘ S 1 and |AMup-trum(ﬂ = l)l S 1’ V'OI e [‘72{’71-] ) VM e (O: 1)
(70)
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We assume that § = 1 is an acceptable choice in 2-D as well. In the next section
the conservative implementation of the 2-D additive conditioning is discussed and some
numerical results, obtained for a 2-D stagnation flow, are given.

2.4 Applying additive conditioning
2.4.1 2-D conservative implementation

Discretizing the steady, 2-D, conservative Euler equations by a first-order upwind, cell-
centered finite-volume method, and denoting the numerical flux functions which approx-
imate the cell-face fluxes in - and y-direction (f(g;1,) and 9(g; ;1)) by F(gij, gi+1;)
and G(gij, Gij+1), respectively, the conservative upstream and downstream relaxation
sweeps read:

dQ, . nNE BF(‘I?,j,qzlﬂ,j) BF(qT'_:"ll,j, )
'(g(qu)R(qu)hiJ + ———a—'-q;g'——hi-f-%,j - —‘*———i‘aq& hi_y+
9G(q7;, 4% 41) 8G(¢if, afy) .
g~ g ey | (6 - ) =
F(qp_-iib, q{‘,j)h‘—'%,j - F(Q?j,q?+1,j)hi+gj
+G(‘I?,f—11, ‘I?,j)hu—g- - G(q7, qzl,j+1)hi,j+%v (71a)
dQ, .1 ;| OF(grH, qith) OF (g4, ai )
“Z(PYR(PH R 4 ——L 2zl DAl g Ty
dq (qz,] ) (qtg ) sJ + aq:t,;-l 1+'3L;.1 aq:l;-l ‘—;J
0q?;1 Ml aqz;j—l -1 \di i
F(‘I?—-‘ilqu;tfl)hiﬁ,j - F(Q?;I:Q?ﬁ%j)hﬂé,j
+G(Q?J+-11’ ‘1?; 1)’%',_-,'-% - G(‘I?flv q?,;fl)hi,ﬁ%’ (71b)

where A ; is a cell-averaged mesh width, e.g. h;; =% (hy_1 4+ hia;+h 1 +hi1),
\J J 4 3.9 +35.] I3 J+3

and where

|

|
Dol Rl Ul

|
B )
l:u
Q
<
©®

0
p
. , (72)

™o
|

yielding

0
0
0 — ‘U! C—U—U! . (73)
+v?)(c—u—v
0 — _;. ﬁ__%g__"__l
In 3-D, we have
—_ C~u—v—u
- "c—cu_(_;riﬂl
C
__‘II c—uc—v-w! . (74)
— w c-—u—v—w!

[~
_1 (WP +v24w?)(c~u—v—w)
2 2

o,
D
&
il
o oocoo
o oo oo
o oocoo
o ococoo

c
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2.4.2 Numerical results

A suitable test case is steady, 2-D stagnation flow normal to a flat plate (Figure 8).
A favorable property of this test case is the direct availability of good approximate

-1 0 1
Figure 8: Stagnation flow against a flat plate.

boundary conditions (because of the availability of an exact, incompressible potential
flow solution, see e.g. Chapter X from Prandtl and Tietjens [8]). For computational
efficiency, we only compute the half problem (z > 0). (We remark that exact solutions
of subsonic flows along a kinked wall have a singularity at the kink for all kink angles ¢
except for § = 0 and § = %, which latter case is identical to the present normal stagnation
flow.) Introducing as known quantities in the point (z,y) = (1,1): a reference speed
Vret, a reference density prer, and a reference Mach number M., the boundary conditions

imposed are:

e at the inflow boundary, assuming homenthalpy:

u(z,y =1) = Veer, (75)
’U(xyy = 1) = —Vref, (76)
\'%3 v—1
C($, y= 1) = \j M’% + —'2_ (erf - uz(x, y= 1) - v2(m,y = 1))7 (77)
rel

o at the outflow boundary, assuming homentropy and homenthalpy:

PR

y=1lwiz=1,9)\"""
=1 = —_—
o =14)= (14 T EES L) T, (750
where
vz =1,y) = vi(1+¢?), (78b)
2

2 — . Vet ry—l 2 .2 —

Cle=1Ly) =35+ 5= (- vz =1)), (78¢)
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Y 1 2 :’.'I'T 1 Vet
Py = (1 + —"‘Z’—Mref) DPrefs Dref = ;'MTprefy (78d)

ref

e at the vertical-wall boundary:

uw(z =0,y) =0, (79)
o at the lower-wall boundary:

v(z,y =0) =0. (80)

In Figure 9, for two low-subsonic (though not yet very low-subsonic) values of M., we
give the convergence behaviors of the point relaxation in some arbitrary cell, at some
arbitrary instant in the iteration process. (The residual considered is that of the energy
equation.) From the results it appears that the additive conditioning does a good job.

o e o
. ~
s s
37 ik
) ke]
- -t
n /2]
(] [}
- QO - O
N N
ap | ag |
o S)
— — |
0 0
T T T +——-|—+—'——'——- —l‘ T T T T
0 2 4 6 8 10 0o 2 4 6 8 10
# Newton steps # approximate Newton steps
a. Without conditioning. b. With conditioning.

Figure 9: Convergence behaviors point relaxation, +: Myer = 0.1, X: Mper = 0.075.

Though quadratic convergence is lost, the divergence that occurs at M.es = 0.075 (Figure
9a) has disappeared by applying the conditioning (Figure 9b).

In Figure 10, convergence results are presented, as obtained through the conditioned
relaxation method accelerated by nonlinear multigrid. (The residual considered is the
Loo-norm of the energy equation’s residual field.) The Mach-number sequence considered
is: Mer = 0.5,0.05,0.005. Note that the method does not break down, but still converges
in the very low-subsonic case M, = 0.005.

3 Conclusions

e Poor convergence of multigrid-accelerated point Gauss-Seidel relaxation at low
Mach numbers is explained by the relaxation’s poor smoothing at low Mach num-
bers and by the likewise poor entropy-error expulsion across domain boundaries.

e Poor solution accuracy known to occur at low Mach numbers can be explained
by means of the modified equation for the 1-D Euler equations, discretized by a
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Figure 10: Convergence behaviors nonlinear multigrid iteration, +: h =}, x: h = 16

first-order accurate flux-difference splitting scheme. For flows with uniformly low
Mach numbers, a fix to this inaccuracy is a necessity. For flows of which the global
solution error is not affected by the occurrence of low-subsonic flow regions, it may
not be necessary.

o For the latter flows, implementation of preconditioning in a locally implicit time
stepping method with the inverse of the preconditioning matrix working on the
time operator, may be practical. It allows the application of an off-the-shelf space
discretization method.

e Local-mode analysis shows that optimal high-frequency damping for locally im-
plicit “time” stepping in a Gauss-Seidel way, is obtained for CFL ~ 2. (When
preconditioning with the 1-D matrix P = |u||A|™", the locally implicit “time”
stepping boils down to point Gauss-Seidel relaxation with underrelaxation factor
1+ CFL.)

e Given the direct availability of the 2-D and 3-D extensions of the 1-D precondition-
ing matrix analyzed, the present improved solution method is directly extendible
to multi-D.

e Two methods have been proposed for removing singularities in local, absolute-
eigenvalue matrices of upwind-discretized Euler equations: (i) elimination of the
entropy-equation part from the exact, 2-D derivative matrix, (ii) addition of a
singular matrix (which is very close to the zero matrix) to the singular, exact
derivative matrix. The first fix does not work in 1-D. Another drawback is that its
successful application requires tuning. The second fix is free of tuning parameters
and may remove the ill-conditioning without deteriorating too much the quadratic
convergence rate of exact Newton iteration. The latter fix has been successfully
applied to a steady, 2-D, low-subsonic stagnation flow.
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